Recently the background independent nonperturbative quantization technique has been extended to theories of gravity and the corresponding quantum effective cosmology has been derived, which provides us with necessary avenue to explore the pre-inflationary dynamics. Brans-Dicke loop quantum cosmology (BDLQC) is one such theory whose effective background dynamics is considered in this article. Starting with a quantum bounce, we explore the pre-inflationary dynamics of a universe sourced by a scalar field with the Starobinsky potential in BDLQC. Our study is based on the idea that though Einstein's and Jordan's frames are classically equivalent upto a conformal transformation in Brans-Dick theory, it is not true after quantization. Taking the Jordan frame as the physical one we explore in detail the bouncing scenario which is followed by a phase of slow roll inflation. The three phases of the evolution of the universe namely, bouncing, transition from quantum bounce to classical universe and the slow roll inflation, are noted for an initially kinetic energy dominated bounce. In addition, to be consistent with observational data, we also find out the allowed data space of initial conditions that would produce 60 e-folds of expansion during the slow roll inflation.
I. INTRODUCTION
The inflationary cosmology as proposed by Alan Guth in 1981 [1] gives a solution to some of the puzzles of the Standard Big Bang Cosmology by introducing an epoch of nearly exponential expansion of the early universe. Other than serving as a mechanism to solve problems like horizon, flatness and entropy etc., it is much more powerful in predicting the cosmos we see today [2] . It provides a first ever causal explanation for the origin of inhomogeneities in the universe. To be precise, it predicts the primordial power spectra whose evolutions explain both the formation of the large scale structure and small inhomogeneities present in the cosmic microwave background (CMB) [1] [3] . Today, the unprecedented success of the inflationary paradigm is based on observational precisions [4] - [6] . Though very successful, the paradigm still suffers from issues like initial singularity, trans-Planckian problem. For a review on conceptual issues of inflationary cosmology see [7] .
For every expanding Friedmann Lametre Robertson Walker (FLRW) metric solution of general relativity (GR) there is a big-bang singularity if matter satisfies the standard energy conditions. This strong curvature singularity at which physics comes to halt is an artifact of the reason that we are pushing the classical theory of gravity to a region where it is no longer valid. Mathematically speaking, the geodesics are past incomplete and hence the affine parameter can not be extended to infinite past leading to a focusing of congruence of geodesics [8] [9] . This causes the breakdown of the notion of space-time itself. The result of focusing theorem is valid both for null and time like geodesic [10] . It can be shown that this issue is independent of the symmetry of the metric considered unless and until certain energy conditions are hold good and depends solely on the average value of the Hubble parameter [11] . Neither Standard model of cosmology nor inflationary paradigm have a say on this issue. An alternative scenario, called Bounce, within the framework of classical theory of gravity requires either the consideration of nontrivial stress-energy tensor or the modification of the gravity sector of the Einstein-Hilbert action which is evident from the Raychaudhuri equation in the absence of the centrifugal term [8] . In addition to solving the puzzles of the standard model of cosmology [12] , these classical bouncing scenario involve circumvention of the singularity by assuming the universe to start from a contracting and then bouncing back to the expanding phase well before reaching the Planck length [11] . However these scenarios are also faced with serious setbacks like instability problem [13] . For a review on classical bouncing scenario and their drawbacks see [14] , [15] . Amongst all the drawbacks the fact that the universe becomes extremely dense early on suggests that quantum gravitational effects would become important at such small length and one must adopt quantum gravity to explore the "zone of ignorance." Therefore, it is natural to speculate that in a true theory of quantum gravity quantum mechanics would intervene to avert the singularity.
Loop quantum gravity (LQG) is a candidate of quantum gravitational theory where it takes the premise of gravity as a manifestation of geometry of space-time seriously and then systematically constructs a specific theory of quantum Riemanian geometry with rigour. For a review we refer the reader to [16] . LQG stands out as a leading non-perturbative background independent approach to quantize gravity [17] . At its depth, this theory brings out a fundamental discreteness at the Planck scale wherein the underlying geometric observables-such as areas of physical surfaces and volumes of physical regions are discrete in nature [18] [19] [20] . The avenue of loop quantum cosmology (LQC) is an application of LQG techniques to the symmetry reduced space-time, homogeneous space-time in particular [21] . In LQC the singularity is resolved in the sense that physical macroscopic observables such as energy density and curvature which diverge at the big bang in GR, have a finite upper bound. This finiteness of the macroscopic parameters above owes to the fact that they have a dependence on the microscopic parameter of the theory called the fundamental area gap whose smallest eigenvalue is nonzero [22] [23] [24] . Thus, a contracting FLRW universe would bounce back to an expanding one avoiding the formulation of singularity in LQC as there is a maximal value of energy density. This is achieved without adding any nontrivial piece of matter unlike in the case of classical bounce. This quantum bounce occurs purely due to quantum geometric effects which acts as a novel repulsive force that can be easily seen from the quantum corrected Friedmann and Raychaudhuri equations to be discussed in Sec.II. Also, it is to be noted that in all the different classes of space-times permitting different sets of symmetries [25] , including Bianchi and Gowdy models, the singularity is resolved in the framework of LQC [26] - [42] . Based on the loop quantization of Brans-Dick theory the dynamics of Brans-Dicke loop quantum cosmology has also been explored [43] . For a review of singularity resolution in LQC see [44] and [45] .
In addition to the above, the fact that the universe must have expanded at least 50 e-folds so as to be consistent with the current observation leads to a problematic situation if the universe had expanded a little more than 70 e-folds. In fact, had it been so (which is true for a large class of inflationary models [46] ), it turns out that the wavelengths of all fluctuation modes which are currently inside the Hubble radius were smaller than the Planck length at the onset of the epoch of inflation. This is coined as the trans-Planckian issue in [47] which challenges the validity of the assumption that matter fields are quantum in nature but spacetimes can still be treated classically which are used at the beginning of inflation in order to make predictions [3] . Thus, once again it calls for quantum treatment of spacetimes. Moreover, the inflationary paradigm usually sets the BD vacuum state at the time when the wavelengths of fluctuations were well within the Hubble horizon during the phase of inflation. This treatment, however, allows the ignorance of the dynamics prior to the onset of inflation, even when the modes were well inside the Hubble horizon. For more details regarding the sensitivity of the inflationary dynamics we refer the readers to [47] [48] .
As cited above all these issues motivate to look for quantum gravity candidates and LQC stands out as, with robustness, a competing one that replaces the singularity by a quantum bounce which is followed by a desired slow roll inflation [49] . Now LQC is in a position to undergo experimental tests and to look for observational signature of quantum bounce, pre-inflationary dynamics in current/forth-coming observations. In fact three major streams of calculations of cosmological perturbations, namely, dressed metric, deformed algebra and hybrid approaches [44] , [50] , [51] have been carried out and studied numerically and analytically in [52] - [64] . It has been reported that the deformed algebra approach is already inconsistent with current observations [65] [66] .
Coming back to the inflationary paradigm, this standard inflationary scenario is based on a canonical scalar field in the framework of GR. Viability of different models of inflation in the framework of standard inflationary scenario have been extensively studied [67] - [71] . An important category of inflationary models are based on the extended theories of gravity. This classical inflationary models on the extended theories of gravity have been extensively studied in literature [72] - [99] . In particular the study of inflation in the BD gravity has been carried out in detail in [100] . Wherein the inflationary observables containing the scalar spectral index, the tensor to scalar ratio, the running of the spectral index and the equilateral non gaussianity parameters in terms of general form of potential in the Jordan frame are obtained and results are compared in the light of Planck 2015 data [100] . However as the early universe is highly densed, it is also important to consider the effects of quantization of spacetime in the early universe. Now as mentioned above for the last two and half decades loop quantum gravity has caught atention of the community and has been widely investigated [111] , [112] , [113] as it gives a background independent way to quantize GR. In this framework of LQG, it is remarkable that GR can be non-perturbatively quantized. Recently this promissing loop quantization technique has been extended to theories of modified gravity, for instances, BD theory [114] , [115] , metric f (R) theories [116] , [117] and scalar-tensor theories [118] . Thus it opens up an interesting avenue to explore the early universe when geometry is quantized beyond General Relativity. That BD theory in Jordan's frame is equivalent to Einstein's frame, classically, upto a conformal transformation is not true after quantization in two frames [102] . In [103] the quantum corrected preinflationary dynamics of BD theory is extensively studied, considering Einstein's frame as the physical frame.
In this work we focus on studying the effective BD loop quantum cosmology taking Jordan's frame as the physical frame for a universe sourced by scalar field with Starobinsky potential. This paper is divided broadly into three main sections: Sec.II, Sec.III and Sec.IV. In Sec.II we present briefly the background cosmology in BD gravity in classical set-up. Wherein we present the equation of motion of background dynamics both in Einstein's and Jordan's frames and emphasize that both are classically equivalent to each other upto a conformal transormation provided the same coordinate system is used. Section III covers the study and main results of a loop quantum corrected BD cosmology sourced by a scalar field with the Starobinsky potential. This is further divided into two subsections III A and III B. In subsection III A we set up the stage by presenting the loop quantum corrected equation of motion for the background dynamics in BD theory in Jordan's frame. We analyze the quantum corrected Friedmann and Raychaudhuri equations in detail to see whether ρ = ρ c gives rise to a bouncing solution. In addition to stating the necessary parameters we put forward an effective definition of pressure. In the subsection III B we present all our numerical results for a kinetic dominated bouncing scenario. Wherein we check whether a slow roll inflation is attained and subsequently calculate the number of e-folds of expansion generated for different values of of the field at the quantum bounce. Finally we discuss and conclude our work in IV.
II. DYNAMICS OF THE BACKGROUND COSMOLOGY
A. Classical dynamics of slow roll inflation in Brans-Dicke theory
Brans and Dicke proposed a specific form of the scalar tensor gravity, that is based on the Mach principle, which implies that the inertial mass of an object depends on the matter distribution in the universe [104] . The governing action for four dimensional BD theory is given by [104] :
where g is the determinant of the spacetime metric g µν , R is the four dimensional Ricci scalar, φ is the BD scalar field, w BD is the dimensionless BD parameter, whereas, X is defined as X = − 1 2 g µν (∂ µ φ)(∂ ν φ) and V (φ) represents the potential of the scalar field φ. In this work we adopt the FLRW metric for our study and in contrary to the original BD theory we introduce the field potential V (φ). It is to be noted that the reduced Planck mass M P l is defined as M −2 P l = 8πG and the Planck mass m P l is defined as m −2 P l = G. Now the f (R) theory of gravity with the action
can be easily obtained from the BD theory if we consider the following correspondance:
This in turn gives the Starobinsky inflation with the action [105]
as a particular case of BD theory with the following transformation:
Now to get the equation of motion of the background, we invoke a spatially flat, homogeneous and isotropic metric in the Jordan frame which takes the form
where a(t) is the scale factor of the universe and t is the cosmic time defined in Jordan frame. The background dynamics of the universe, can be obtained by varying the action w.r.t the metric g µν [106] [107] to give the modified Friedmann and Klien-Gordon equations as
where H ≡ȧ a is the Hubble parameter, β = 2w BD + 3 and ρ φ is defined as
is the effective energy density of the BD scalar field. It should be noticed that for the Starobinsky inflation we have β = 3.
B. Starobinsky potential in Einstein frame
In this subsection we present, for the sake of completeness, the classical equation of motion of the background universe sourced by the Starobinsky potential in the Einstein's frame. For detailed analysis of Starobinsky inflation in Einstein's frame with loop quantum correcton see [103] . Classically, the Jordan and the Einstein frames are equivalent to each other upto a conformal transformation when the same coordinate system is employed. Thus under a conformal transformationĝ
the action Eq.(4) can be modeled to that of a minimally coupled scalar field χ in the Einstein frame where we use a hat to represent quantities in this frame. Thus, under this conformal transformation the action gets recasted into
and we can easily recognise that
Now, for the Starobinsky inflation the correspondance between scalar field χ and the Ricci scalar is given by
which gives
Note that the Starobinsky potential U (χ) with β = 3 can be extended to a subclass of E type α attractor inflationary models [108] , [109] , [110] . Now considering a universe with maximally symmetric spacetime, the FLRW metric in the Einstein frame
whereâ(t), dx i being the scale factor and comoving coordinates in Einstein's frame. The background dynamics, in this frame, are given by the modified Friedmann and Klien-Gordon equations aŝ
where the effective energy density is given byρ χ = 1 2χ
2 + U (χ).
C. Equivalence between the Einstein and the Jordan frame
As has been stated above the Einstein and Jordan frames are equivalent upto a conformal transformation at the classical level. Under this transformation (9) the relationship between the corresponding dynamical quantities of the theory in the two frames can be immidiately established to bê
for the scale factors and the cosmic times. With these the following relations can be easily found
Note that though these transformation between the two frames hold good at the classical level, it does not turn out to be so after quantization. In fact the effective dynamics is different and this point is what we explore in this work.
III. EFFECTIVE BACKGROUND DYNAMICS OF BRANS-DICKE LOOP QUANTUM COSMOLOGY
A. Effective background dynamics of BD loop quantum cosmology in Jordan's frame
In this subsection we present the required equations to numerically simulate the effective quantum corrected background dynamics in BD loop quantum cosmology in Jordan's frame. The modified Friedmann equation and the Klien gordon equation are sufficient to study the background dynamics. The quantum corrected Friedmann equation for the effective BDLQC theory in Jordan frame is [115] H +φ 2φ
where the effective energy density is given by
. The quantum corrected Klien Gordon equation for BD theory in Jordan frame isφ
As stated above, we need to solve these two equations to explore the background dynamics. Eq. (23) immediately gives
Thus we get two solutions and let us call the one with positive sign as " + " and the other with negative sign as " − " and see below which amongst them is of interest to us. The " + " solution of Eq. (25) gives
and the another with " − " gives
Before defining some useful parameters to carry out qualitative and quantitative analysis of our models considered in this work, let us check if we attain a nonsingular bouncing model in each of the case mentioned above, namely, Eq. (26) and Eq. (27) . A nonsingular bounce is obtained as when an initially contracting universe goes to an expanding one through a minimum in the scale factor but not zero. Since the Hubble parameter is proportional to the fractional rate of change of volume, H ∝ V V t , therefore a contracting (expanding) phase is specified by a negative (positive) value of the Hubble parameter H. However this is a necessary but not sufficient condition for bounce to occur. Along with this the slope of the slope of the scale factor must be positive at the turn around to achieve the minimum and hence the bounce. Mathematically speaking the following two conditions must be met for the bounce to occur:
From here onwards the subscript B will be used to denote the point of occurrence of bounce. Now let us examine if the two conditions for bounce Eq. (28) and Eq. (29) are satisfied for two solutions of the Hubble parameter Eq.(26) (for " + " solution) and Eq.(27) (" − " solution) respectively. In the contracting phase as the volume of the universe decreases and therefore the energy density of the universe increases, we expect the universe to turn around when it reaches the maximal energy scale ρ c given by the theory due to quantum geometric effects. Thus our first job is to check if the Hubble parameter is zero when ρ φ = ρ c . From Eq.(26) (" + " solution) it is clear that
and for Eq.(27) (" − "solution)
But this is the fulfillment of only one condition of bounce Eq.(28). We need to see explicitly for each of the solution of H whether the second condition Eq. (29) is satisfied or not at ρ φ = ρ c . This implies that we need to find the Raychaudhuri equation. As we know that given the Friedmann and Klien Gordon equations the Raychaudhuri equation can be derived using the following identitÿ
Now let us derive it for each of the equations (26) and (27) case by case. Considering first Eq.(26), as we have seen above that the Hubble parameter becomes zero as ρ φ = ρ c , therefore,
Then we find
Evaluating the above expression at ρ φ = ρ c , we are left with only the second term
Care must be taken while taking the limit. Note that first we need to evaluate the differentiation and then take the limit. In order to do that let us begin with the definition of
. Taking the differentiation w.r.t. time we have
As obvious, the scalar field must satisfy the Klien Gordon equation (24) . Thus using Eq. (24) we have
Substituting β 2φ in the expression for dρ φ dt given above we get,
As at the present we are looking for deriving the expression for the Raychaudhuri equation of the dynamics dictated by Eq.(26), the Hubble parameter in the above expression must be replaced from Eq.(26) to get
= −3φ φ
where we have used the definition of ρ φ and the fact that β = 3 to arrive at the above expression. Now substituting
Now as
, therefore,
will always be greater thanφ 2 for positive valued potential with β = 3 as in our case. It can be easily seen that
√ ρ φ − ρ φ is always less than zero. Thus we arrive at the conclusion that
Therefore, to have ρ φ = ρ c as the bouncing point, only the locus of negative initial velocity of the field are allowed. Thus, in this work we consider only the case withφ B < 0 as it is the only allowed initial value of the velocity of the scalar field φ for bounce to happen at ρ φ = ρ c for the dynamics given by Eq. (26) . Next, we shall examine if ρ φ = ρ c is also a bouncing solution for Eq. (27) . We begin as above with the identitÿ a a = dH dt + H 2 but now with H given by Eq. (27) . From Eq. (27) we have seen that the first condition of bounce Eq. (28) is satisfied for ρ φ = ρ c provided that (φ) ρ φ =ρc = 0. This is a very special case. Now let us examine if this initial condition (φ) ρ φ =ρc = 0 also satisfies the second condition for a bounce to occur. This amounts to check if
is greater than zero for (φ) ρ φ =ρc = 0. Now dH dt for the dynamics given by Eq. (27) is
The second term on the right hand side of the above equation is already evaluated above while analyzing the fulfillment of second bouncing condition for Eq.(26) (for " + " solution of H) and hence using Eq.(42) the above equation becomes
But at ρ φ = ρ c the initial value of the velocity of the scalar field must be zero to satisfy the first condition of bounce. Therefore, we have
Now to check whether the second condition of a bounce is satisfied or not, all we have to do is to evaluate the quantity − φ φ ρ φ =ρc from the Klien Gordon equation (24) to have,
and evaluating the above at ρ φ = ρ c we have
It can be easily seen that for φ greater than M P l , ä a ρ φ =ρc = +ve gives bouncing for the dynamics given by Eq. (27) .
Also, this is to be noted that the quantum bounce occurs only for one value of initial condition given byφ B = 0. Although this is possible, this is a very special condition which sets the kinetic energy at the bounce to be zero. This means an extreeme potential energy dominated bounce which is not a focus of this work as we concentrate only on kinetic energy dominated bounce.
In the next, to study the background dynamics we introduce few parameters below for our analysis.
(
1) The Effective equation of state (EOS), w(φ):
It is defined as the ratio of pressure to energy density
As we have an effective definition of energy density which is given by
, an effective definition of pressure of the scalar field P φ can always be defined if we demand that there exist a quantity called P φ which satisfies the continuity equation
Now as the scalar field must satisfy the Klien Gordon equation, using Eq.(24) an effective expression of pressure can be obtained to be as follows. From the definition of the effective energy density we have
and from the continuity equation we have
= − 1 3Hφ
As the scalar field must satisfy the Klien Gordon equation, therefore, using Eq. (24) we can writeφ as,
Substituting it into the above equation for P φ we get
Now since we are considering the dynamics of the background given by Eq. (26), let us substitute the Hubble parameter given by Eq. (26) to get explicitly the effective definition of pressure in terms of φ andφ
Using the fact that β = 3 for the Starobinsky potential in the Jordan frame, we have
This immideately gives,
Therefore, the effective equation of state parameter w(φ) is given by
It should be noted that the above expression of the equation of state is only an effective one.
(2) The inflation is characterized by acceleration of the universeä > 0. However it is important to have a prolonged period of inflation to produce enough number of e-folds to cure the problems of Big Bang cosmology. This is often characterized by slow roll parameters. For BD theory with the Starobinsky potential we have three slow roll parameters
The slow roll inflation is achieved when 1 , 2 , 3 << 1 and it ceases if any one of them becomes 1 [100] . (3) . The number of e-folds, N inf : The amount of expansion of the universe during inflation is characterized as
dφ. During the phase of slow roll inflation, using the slow roll condition, this can be readily seen to be
In this work, we will use the subscript "i" and "f" to denote, respectively, the starting and end time of slow roll inflation. We useä(t = t i ) = 0 to get the starting time of inflation, whereas we use 1 to obtain the end time of inflation. Though strictly speaking this choice of starting time of inflation is not in accordance with the definition of slow roll inflation, nevertheless, it is safe to use them because it is insensitive to observation [123] [126] . (4) An useful parameter to quantify the dominance of either kinetic energy or potential energy is via r w =
. It is obvious that for the case of potential energy dominance (PED) at the bounce r w < 1, whereas it is r w > 1 for kinetic energy dominance. In particular, we are interested to obtain the critical value called r c w that would generate 60 e-folds of expansion of the universe in slow roll regime.
B. Numerical Analysis
In this subsection we present our numerical results of the background dynamics for a quantum corrected BransDicke cosmology in the Jordan frame for the Starobinsky potential. To study the evolution of the background universe it is sufficient to consider the quantum corrected Friedmann equation (23) and Klien Gordon equation (24) as the Raychaudhuri equation can be obtained from these and hence redundant. To begin our numerical evolution we note that the space of initial data is four dimensional. This includes the initial value of the scale factor a, the Hubble parameter H, the scalar field φ and its velocityφ. However the value of the scale factor at initial time enjoys a constant rescaling freedom without altering the physics. Using this freedom one can fix the scale factor at bounce so that a B = 1 without loss of any generality. The choice of the quantum bounce as the initial condition further gives H = 0 satisfying the first condition Eq.(28) at ρ φ = ρ c . This in turn determines the initial value ofφ upto a sign once we supply the initial value of the scalar field at the bounce φ B . Hence, with a B fixed the value of φ B and the sign oḟ φ B completely determines the space of initial data. In fact the set of initial conditions is the locus of all points on the phase space of φ andφ satisfying the condition ρ c = β 4φ 2 B + V (φ B ). In this paper we concentrate on an initially kinetic energy dominated universe with negative initial sign ofφ.
In order to simulate the background dynamics we use Eq. (24) and Eq. (26) with initial conditions as defined above. The fact that we choose Eq. (26) over Eq. (27) is because for dynamics dictated by Eq. (27) , this is a very special universe which allowes only initial condition given byφ B = 0 when ρ φ = ρ c to give bouncing solution and as this corresponds to an extremely potential dominated universe and therefore is not considered in this work.
The first step to begin the numerical analysis is to calculate the mass of the starobinsky potential in the Jordan frame. Following the standard method [100] , the mass of the scalar field with the Starobinsky potential in the Jordan frame is found to be 1.4286 × 10 −6 m P l . Thus, with the knowledge of the mass we are ready to numerically evolve the system of equations (24) and (26) for a kinetic dominated universe at the bounce. Let us, thus, consider three initial values of φ B = (295, 395, 495) m P l satisfying the initial bouncing conditions. That is, let us displace the scalar field φ far away from the minimum of the potential and set the initial velocity of the field to be negative. Note that this negative velocity is required to fulfill the second condition of the bounce as far as dynamics given by Eq. (26) is concerned. Thus, here we expect that the field displaced far away from the minimum and setting a negative velocity initially, would roll down the potential and it would be interesting to see if it would give rise to slow roll inflation.
The first hint of it can be seen in the plot of Fig. 1 where we show the variation of the scalar field φ and its velocitẏ φ for the three initial conditions mentioned above satisfying an initially bouncing phase. Note that starting with these initial conditions and with sign of the velocity being negative, eventually, the field φ approaches the minimum of the potential and correspondingly its velocity becomes zero. Not only that the scalar field approaches the minimum of the potential for all the choosen initial value, but also the variation of the field w.r.t the cosmic time is negligible after a certain time say 10 4 t/t P l which is a first clue that the universe might have entered a slowly roll phase of inflation. Before going to analyze whether a slow roll inflation is achieved or not let us look at the plot of the Hubble parameter in the left of Fig. 2 . It shows that starting with the bouncing point the Hubble parameter H initially increases and then decreases and becomes almost constant. The initial rise of the Hubble parameter indicates a period of super inflation till it reaches its maximum. Thus, similar to the models of loop quantum cosmology, in BDLQC it also retiterates the fact that the quantum geometric effects does not merely solve the initial singularity but its novel repulsive force gives rise to a short period of super inflation designated by dH dt > 0. Coming to the plots of slow roll parameters 1 , 2 , 3 , respectively, in Fig. 3 and in the left of Fig. 4 show the fulfilment of slow roll conditions 1 , 2 , 3 << 1 in the period of around 10 4 to 10 7 t/t P l (for exact value of begining and end of inflation see Table I ). Thus a slow roll phase of inflation is achieved. In the next our task is to calculate the number of e-folds of expansion generated during this slow roll phase of inflation for various values of the initial values of the scalar field φ and find out what values of φ B gives rise to 60 e-folds of inflation. To this purpose we usë a = 0 to obtain the initial time and 1 = 1 to obtain the end time of inflation. Since by definition N inf = ln( a f ai ), therefore, once we have the knowledge of starting and ending times of inflation, it is staraight forward to carry out the calculation of N inf from the right plot of Fig. 5 . This way Table I enumurates the result of N inf as a function of φ B for the Starobinsky potential in the Jordan frame for a kinetic energy dominated bounce withφ B < 0. Here, we begin with an initial value of φ B = 125 m P l to achieve a small number of e-folds of expansion of the order of 4. Since this is not adequate to solve the puzzles of the Standard Model of cosmology, which requires ∼ 60 e-folds of expansion, we increase in big steps the values of φ B and see when 60 is attained. It is found that 60.83 number of e-folds are generated for initial condition φ B = 395m P l and hence it is considered as the critical value of the initial field we are seeking for and the critical energy density at the bouncing to attain this is r c w = KE P E = 1.15075 × 10 6 . Then we continue this process to investigate the effects of variation of φ B on N inf upto φ B 1000m P l and plot it in the right hand side of Fig. 4 . In Fig. 6 we plot the effective equation of state w φ . Starting with a kinetic energy dominated bounce it shows the three phases of evolution, namely: bouncing phase, transition from quantum bounce to classical universe and the slow roll inflation. During the bouncing phase as the kinetic energy dominates over potential, the effective equation of state w φ ≈ 1, while in the slow roll inflation phase w φ becomes −1 which reflects the fact that the universe is dominated by the potential energy. We also note the universality of the solution in the bouncing phase. Finally in Fig. 7 we plot the effective energy density due to scalar field ρ φ on the right and the ratio of kinetic to potential energy r w on the left hand side. The plot of ρ φ in Fig. 7 indicates the fact that the energy density becomes maximal at the quantum bounce and then dilutes away as the universe expands to large volume as expected. Whereas the right hand side of Fig. 7 demonstrates the dominance of kinetic to potential energy throughout the evolution of the universe starting from the quantum bounce. As we initialize the universe with a kinetic energy dominated quantum bounce the ratio r w >> 1 and then it transits to r w << 1 as the universe becomes potential dominated in the slow roll inflation era. We have already observed that a φ B = 125m P l could only produce 4.49 number of e-folds of expansion of the universe. Thus it would be interesting to see the fate of the universe for lower value of φ B , say lower than 100m P l .
In Fig. 8 we analyze this case with initial φ B = 60, 65, 70 m P l withφ B < 0. The evolution of φ andφ on the top panel of Fig. 8 suggests that the scalar field and its velocity aproach to their respective minimum and start oscillating about it. This is because the inflation quickly rolls down to the minimum of the potential and undergoes damped harmonic oscillations before coming to rest in the asymptotic limit. This damped nature is because of the expansion of the universe as it can be easily seen from the Klien Gordon equation. Thus for initial values φ B 100m P l the universe fails to undergo inflation and hence no slow roll inflation. As a proof of it we show the plot ofä, 1 on the bottom panel of Fig.8 . This shows that though the universe shows inflation, i.e.ä > 0, but it happens only for a very short period of time as it starts oscillationg afterwards. Moreover, a slow roll phase of inflation is never achieved as the Hubble slow roll parameter 1 = −Ḣ H 2 is never less than 1. 
IV. DISCUSSION OF THE RESULT
This work involves exploring the background dynamics of an effective quantum corrected Brans-Dicke cosmology sourced by a scalar field with the Starobinsky potential in the Jordan frame. Emphasizing on the fact that though Einstein's frame is equivalent classically to Jordan's frame, upto a conformal transformation, but not after quantization, we present the quantum corrected equation of motion for background dynamics in both frames. Next we consider the quantum corrected effective equation of motion in Jordan's frame and analyze in detail whether bouncing conditions are satisfied when the energy density of the scalar field ρ φ becomes maximum, that is ρ c . We find two distinct equation of motion for the Hubble parameter, namely, Eq. (26) and Eq. (27) and hence two different dynamics. Though, the Friedmann equation together with Klien Gordon equation is sufficient to solve the background dynamics, we use the Raychaudhuri equation to check whether the second condition of bounce is satisfied or not. To this effect we derive the corresponding Raycahudhuri equation for each of the Friedmann equations (26) and (27) . Thus, analysizing the quantum corrected Raychaudhuri equation we show explicitly that for the universe given by Eq. (26) one can achieve bounce with the restriction on the initial conditionφ B < 0. For the other dynamics given by Eq. (27) the allowed initial value is too restricted for bounce to occure. Infact, only one initial value is allowed which is the extreme potential dominated bounce and is not considered in this work as we focus only on kinetic energy dominated bounce.
After deriving the Raychaudhuri equation and analyzing the bouncing conditions, then, we go on to define an effective equation of state parameter for BDLQC in the Jordan frame. In order to do this, we need to define an effective pressure due to the scalar field. To obtain this, we can always asume that there exists a coninuity equation the same as in LQC or GR for that matter satisfied by an effective energy density and effective pressure. Since we already have the expression of the effective energy density in terms of the scalar field and its velocity ρ φ = β 4φ 2 + φV (φ) M P l , and as the scalar field must satisfy the Klien Gordon equation, therefore, after some simple calculation it is straight forward to obtain an effective pressure. It should be noted that this is only an effective definition of pressure and hence the equation of state parameter obtained from it may not correspond to the actual equation of state of a fluid in question.
Next we plot the effective equation of state w φ starting with an initially bouncing universe. From Fig.6 we notice three phases of the evolution namely: bouncing phase where quantum geometris effects dominate, transition from bouncing to classical phase and the slow roll inflation phase. As in the bouncing phase, the kinetic energy dominates over the potential energy, w φ 1 and then it transits from +1 to −1 in the slow roll phase of inflation when the potential energy dominates. We also note the universality of the solution in the bouncing phase from Fig.6 .
Then we analyze the slow roll inflation. As one of the main objective of this article is to see if starting with an initially bouncing phase one lands up with a slow roll phase of inflation and if so, for what values of initial conditions we obtain 60 number of e-folds. In order to study slow roll inflation we choose the dynamics given by Eq.(26) of the Hubble parameter together with the Klien Gordon equation. The dynamics dictated by Eq. (27) is not considered as it allows only one initial condition for bounce to occur which is the extreme case of potential energy dominated bounce. Also, we note that for dynamics generated by Eq.(26), for any φ B the only allowed sign ofφ B is negative aṡ φ B > 0 does not satisfy the second condition of bounce. And it is obvious that the value ofφ B is fixed by (ρ φ ) B = ρ c for any φ B . This allows us to investigate this interesting situation in which one is free to displace, initially, the scalar field away from the minimum of the potential and setting its initial velocity negative and see if the scalar field rolls down the potential slowly enough to give rise to a slow roll inflation. In BD theory in the Jordan frame, there are three nontrivial parameters to determine if or not slow roll phase of inflation is attained. In this work, we obtain the slow roll phase of inflation in quantum corrected BD theory in the Jordan frame for initial values φ B 100m P l . We plot all the relevant cosmological parameters to this effect and show that 1 , 2 , 3 << 1 in the period of the cosmic time around (10 4 to 10 7 )t/t P l . We also calculate the number of e-folds, N inf , generated by various initial conditions at the bounce and enumurate all our results in Table I . We observe that as we increase φ B the N inf increases and reaches its value 60 for φ B = 395 m P l . Finally we plot N inf w.r.t φ B .
